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The antiferromagnetic Heisenberg model on the icosahedron, which consists of 20 edge-sharing
triangles and belongs to the icosahedral Ih symmetry group, presents unconventional properties
at the classical and quantum level. These originate in the frustrated nature of the interactions
between the spins. For classical spins the magnetization is discontinuous in a magnetic field [1]. In
the quantum limit there are non-magnetic excitations within the singlet-triplet gap and the specific
heat has a multi-peak structure as function of temperature [2]. Here we examine the importance of
the connectivity of the icosahedron for the appearance of the magnetization discontinuity, and also
investigate the transition from the classical to the quantum limit. The influence of connectivity on
the magnetic properties is revealed by considering the cluster as being made up of a closed strip of
a triangular lattice with two additional spins attached. The classical magnetization discontinuity
is shown to evolve continuously from the discontinuity effected by these two spins when they are
uncoupled to the cluster. In the second part the transition from the classical to the quantum limit
is examined by focusing on the low energy spectrum taking fully into account the spatial and the
spin symmetry of the model in the characterization of the states. A symmetry analysis of the highly
degenerate due to the connectivity lowest energy classical manifold identifies as its direct fingerprint
the low energy quantum states for spin magnitude as low as s = 1, with the latter following a tower
of states behavior which relates to the icosahedron having a structure reminiscent of a depleted
triangular lattice. The classical character of the AHM for small s is also detected on the ground
state energy and correlation functions. On the other hand the classical magnetization discontinuity
in a field eventually disappears for small s, after a weak reentrant behavior.
PACS numbers: 75.10.Hk Classical Spin Models, 75.10.Jm Quantized Spin Models, 75.50.Ee Antiferromag-
netics, 75.50.Xx Molecular Magnets
I. INTRODUCTION
The antiferromagnetic (AFM) Heisenberg model
(AHM) is a prototype for the investigation of strongly
correlated electronic behavior [3, 4]. Its properties de-
pend on the interplay of dimensionality, strength of quan-
tum fluctuations and frustration generated by the partic-
ular connectivity of a lattice or cluster. It has been exten-
sively studied on different types of lattices with the hope
that frustration will lead to the long sought after spin liq-
uid phase [5]. It has also been considered on finite clus-
ters to model their magnetic behavior, especially since
recent advances in synthetic chemistry have led to the
production of molecules with important magnetic prop-
erties that form the class of molecular nanomagnets and
could provide the building blocks for quantum comput-
ers and memory devices [6]. Another route for the fab-
rication of small entities with well controlled magnetic
properties is provided by scanning tunneling microscopy,
where the AHM is also of utmost importance [7]. In all
the above cases the analysis of collective magnetic behav-
ior is of fundamental importance. This necessitates the
determination of magnetic properties for various clusters
with different connectivities as function of the spin mag-
nitude of the magnetic units s, which can be done firstly
within the framework of the AHM in order to search for
correlations between structure and magnetic behavior.
A direct way to control magnetic properties is through
the application of a magnetic field. A Hamiltonian
isotropic in spin space switches at the quantum level be-
tween neighboring total spin S sectors where ∆S = 1
at appropriate values of the field. In frustrated clusters
there can be unexpected discontinuities that skip cer-
tain magnetic sectors and have ∆S > 1 [8]. It is known
that for structures with the connectivity of the fullerenes
the magnetization in a field can be discontinuous at the
classical level [9]. Multiple discontintinuities were also
found at the classical and extreme quantum limit for the
smallest member of the fullerene family, the dodecahe-
dron [2], as well as other fullerene clusters that share the
icosahedral Ih point group symmetry with the dodecahe-
dron [10]. For small fullerene clusters of other symmetry
only pronounced magnetization plateaus were found for
s = 1/2 [11]. It was also discovered that the icosahedron,
the smallest cluster with Ih symmetry which is neverthe-
less not a member of the fullerene family, has a magne-
tization discontinuity at the classical level which persists
for lower values of s [1]. Additionally for small s there are
non-magnetic excitations within the singlet-triplet gap
and the specific heat has a multi-peak structure as func-
tion of temperature for both the dodecahedron and the
icosahedron [2]. These are indications of a strong corre-
lation between spatial symmetry and magnetic behavior
as the unit that causes frustration is different in the two
cases, the pentagon in the fullerenes and the triangle in
the icosahedron.
Further insight on the appearance of magnetization
discontinuities can be gained by considering the struc-
2ture of the molecules more closely. The icosahedron com-
prises of 20 edge-sharing triangles, and each of its ver-
tices is five-fold coordinated. Unlike the cuboctahedron
and icosidodecahedron for example, which are finite pe-
riodic realizations of the Kagome´ lattice on a sphere [12],
there is no direct correspondence between the icosahe-
dron and a periodic lattice, since the latter can not have
a five-fold symmetry axis. On the other hand in the tri-
angular lattice each vertex has six nearest-neighbors, so
the icosahedron is reminiscent of a closed finite version
of the triangular lattice where each vertex is feeling the
effect of a single defect, which is suggestive of depleted
triangular lattices [13–15]. Similarly, the dodecahedron
does not correspond to a periodic lattice due to having
five-fold symmetry axes [2] (the two dimensional plane
can only be tiled using irregular pentagons, as is the case
of the Cairo pentagonal lattice that has discontinuities in
the magnetization if two different AFM interactions orig-
inating in the two kinds of inequivalent sites of the lattice
are considered [16]). For fullerene clusters in general the
concept of defects is also important, as the 12 pentagons
they include appear so among an arbitrary number of
hexagons [9, 10, 17]. The presence of magnetization dis-
continuities in the icosahedron and the fullerenes appears
then to be closely connected with the presence of defects
of one form or another. It must also be noted that a single
vacancy in a magnetic lattice generates a magnetization
discontinuity in the limit of vanishing field [18].
In this paper first the importance of the connectivity
of the icosahedron for its magnetic properties is investi-
gated. To this end, the cluster is broken up in two parts.
The first part is a closed strip of edge-sharing triangles
which can also be viewed as a closed chain with equal
nearest and next-nearest neighbor interactions, while the
second part has two spins which are attached to the top
and the bottom of the triangle strip respectively. The in-
teraction of the two extra spins with their closest neigh-
bors on the icosahedron is taken to increase progressively
from 0 to 1, which can be viewed as if the two extra spins
are slowly brought closer to the rest. When this inter-
action is zero the magnetic response is determined by
the one of the triangle strip, which classically has a con-
stant susceptibility, and the one of the two extra spins,
which immediately respond to a magnetic field and there-
fore generate a magnetization discontinuity at zero field
for the whole system. Increasing the coupling of the ex-
tra spins with the rest the magnetization discontinuity
evolves continuously and survives up to the point where
all interactions among the twelve spins are the same. It is
then concluded that the special connectivity of the icosa-
hedron allows for a magnetization discontinuity within
the framework of the AHM even though there is no spin
or spatial anisotropy. It is also shown that close to the
spatial isotropic limit another discontinuity appears.
In the second part of the paper the AHM in the spa-
tially isotropic case is considered and the influence of the
triangular structure of the icosahedron on the low energy
spectrum for arbitrary S is investigated. The icosahedron
consists of edge-sharing triangles with five-fold coordi-
nated vertices, and the triangular lattice without or with
defects has been shown to possess towers of states in its
low energy structure that originate in the large spatial
degeneracy of the classical ground states and point to a
long range ordered ground state [14, 19]. Here it is exam-
ined with a symmetry analysis for how small s the clas-
sical lowest energy configurations leave their fingerprint
in the low energy spectrum. The classical lowest energy
configuration is highly degenerate both below and above
the magnetization discontinuity due to frustration, and
a symmetry analysis [12, 20] classifies the configurations
in these two degenerate manifolds according to either S
or the total spin along the z axis Sz and the irreducible
representations of Ih. In the case of finite s spatial and
spin symmetries of the AHM characterize its eigenstates
in a similar fashion. More precisely, the low energy spec-
trum is calculated for s ranging from 1/2 to 5/2. For S
below and above the magnetization discontinuity there is
a respective set of eigenstates well separated from higher
excited states with a symmetry structure identical with
the one of the classical lowest energy manifold, showing
that the lowest states for finite s originate directly in the
classical degenerate configurations. This Anderson tower
of states structure remains invariant for s & 1 and for an
infinite lattice would express SU(2) symmetry breaking.
The icosahedron is however finite but its structure is rem-
iniscent of depleted triangular lattices, consequently a
classical description of the icosahedron is a good approx-
imation down to small s. A similar conclusion is drawn
from the ground state energy and correlation functions,
which show that starting from the classical ground state
an expansion in a few orders of 1
s
will produce accurate
estimates down to s = 12 .
From the lowest energy in every S sector it is possible
to calculate the magnetization in a field as function of
s. It is found that the classical discontinuity which first
appears for s = 4 [1] unexpectedly disappears for s =
9/2, only to reappear for s = 5 and 11/2. The symmetry
pattern of the lowest eigenstates as function of S on the
two sides of the discontinuity is different and follows its
corresponding classical counterpart.
The plan of this paper is as follows: in Sec. II the
model is presented along with the methods of calculation,
and the classical result is summarized. In Sec. III the
relationship between the connectivity of the icosahedron
and its magnetic response is examined. Sec. IV estab-
lishes the relationship between the quantum low energy
spectrum and the classical lowest energy configurations,
while in Sec. V the magnetization process in a field is
investigated. Finally Sec. VI presents the conclusions.
II. MODEL AND CLASSICAL LOWEST
ENERGY CONFIGURATION
A projection of the icosahedron on a plane is shown
in Fig. 1. It consists of 20 triangles and all N = 12
3vertices are equivalent and five-fold coordinated. The
Hamiltonian of the AHM is
H = J
∑
<ij>
[
1
2
(s+i s
−
j + s
−
i s
+
j ) + s
z
i s
z
j ]− h
N∑
i=1
szi (1)
J is the strength of the exchange interaction, which is
positive and taken to be 1 from now on, defining the unit
of energy. < i, j > indicates that interactions are lim-
ited to nearest neighbor spins, which have magnitude s.
The magnetic field ~h is taken along the zˆ direction. In
Hamiltonian (1) the exhange energy competes with the
magnetic energy, with the frustrated connectivity of the
icosahedron playing an important role. For finite s as
the magnetic field increases Sz increases stepwise, until
it saturates. Hamiltonian (1) is block diagonalized ac-
cording to the point symmetry group Ih, and also the
spin inversion symmetry group when Sz = 0 [2]. When
the blocks of the Hamiltonian are small enough full diag-
onalization is possible and the energy spectrum is fully
available. Up to now the full energy spectrum has been
calculated within the Ih group for s = 1/2 and 1 [2] and
within the D2 subgroup of Ih for s = 3/2 [21]. For large s
only Lanczos diagonalization is possible and gives at least
the lowest energy level for each Sz in order to produce the
magnetization response in the field. Comparison of the
energies in different Sz sectors allows characterization of
the states also according to S, with each S state being
2S + 1 times degenerate. In the classical limit s → ∞
classical minimization is performed [2, 9, 10].
The triangle, the basic unit comprising the icosahe-
dron, supports frustrated interactions between spins sit-
ting on its vertices. When the 20 triangles are brought
together to form the icosahedron by sharing edges frus-
tration increases, and the classical nearest-neighbor low-
est energy in the absence of a field reduces from the value
of − 12 for an isolated triangle to −
√
5
5 [22]. The classical
lowest energy configuration of Hamiltonian (1) for h 6= 0
was found in [1]. For lower fields the spins assume four
different polar angle values (Fig. 2), while the azimuthal
angles assume six different equidistant values. Starting
at hdisc = 0.40603hsat (with hsat = 5 +
√
5) a differ-
ent configuration minimizes the energy until saturation.
Two spins are aligned with the field and the rest share a
common polar angle, while their azimuthal angles have
ten different equidistant values. The change from the
lower to the higher field configuration is accompanied by
a magnetization discontinuity.
In the high field configuration an analytic calculation
is feasible under the constraint that there is only one an-
gle varying with the field. The common polar angle of
the ten spins is arccos h−1
4+
√
5
, and the total magnetization
2 5h+
√
5−1
4+
√
5
. Looking at Fig. 2, as the discontinuity is ap-
proached from below the polar angles counterintuitively
increase weakly with the field, except from the one of
spins 7, 8, 9. This non-monotonic dependence has also
been found for the AHM in open chains and fullerene
clusters with Ih symmetry [2, 10, 23, 24].
III. CONNECTIVITY AND MAGNETIC
RESPONSE
To investigate the role of connectivity in the magneti-
zation of the icosahedron a spatial decomposition of the
cluster in two parts is chosen. This decomposition groups
two vertices diametrically opposite to one another, for ex-
ample vertices 1 and 11 in Fig. 1, and has the rest form-
ing a structure which is part of a triangular lattice but
folds back to itself, having periodic boundary conditions.
They can also be viewed as a closed chain with equal
nearest and next-nearest neighbor interactions. If the
coupling within the triangle strip is J while its spins cou-
ple to spins 1 and 11 with exchange strength J ′ the cor-
responding Hamiltonian, which is spatially anisotropic
when J ′ 6= J , is:
H = J
∑
<ij>,i,j 6=1,11
~si · ~sj + (J ′~s1 − ~h) · (~s2 + ~s3 + ~s4 +
~s5 + ~s8) + (J
′~s11 − ~h) · (~s6 + ~s7 + ~s9 + ~s10 + ~s12)
−~h · (~s1 + ~s11) (2)
J will be taken to be 1 from now on. In the absence of a
field the angle between nearest neighbors in the triangle
strip is 3pi5 or
4pi
5 . Its magnetic response has constant
susceptibility all the way to saturation, with the spins
turning towards the field direction having the same polar
angle. On the other hand the two isolated spins saturate
immediately in a field, therefore the magnetization of the
combined system has a discontinuity in zero field when
J ′ = 0. Consequently an infinitesimal field leads to the
high field configuration of the spatially isotropic case as
described in Sec. II, with the two weakly coupled spins
being the ones aligned with the field. The influence of a
finite J ′ is to effectively reduce the magnetic field on the
spins of the triangle strip as seen from the second and
third terms of Eq. (2), and this effective field does not
necessarily lie along the magnetic field axis.
The evolution of the discontinuity field hdisc and the
magnitude of the magnetization discontinuity with J ′ are
shown in Figs. 3(a), 3(c). The discontinuity evolves con-
tinuously from J ′ = 0 to 1, showing that it traces back
to the discontinuous magnetic response of spins 1 and 11
when J ′ = 0. This can also be verified by examining its
qualitative features as J ′ is varied. When J ′ is small (for
example J ′ = 0.3) spins 1 and 11 do not immediately
align with the field as they now share finite exchange en-
ergy with their neighbors. They develop a component
along the field direction (Fig. 4(a)) while characteristi-
cally the net magnetization of the other ten spins points
away from the field, is weak and has increasing magnitude
for small fields (Fig. 4(b)). The exchange energy of the
triangular strip is also getting more AFM in character.
This is because it is energetically favorable for the icosa-
hedron to gain magnetic energy through the two loosely
coupled spins, while the triangle strip gains exchange at
the cost of magnetic energy. Thus the magnetization of
the icosahedron is still dominated by the two extra spins
4for small magnetic fields, and in a way these screen the
rest from the field. Right after the discontinuity the two
extra spins fully polarize and the triangle strip discon-
tinuously assumes an even more negative net magneti-
zation with a common polar angle for all spins larger
than pi2 , while the exchange energy within the triangu-
lar strip keeps getting more AFM. It reaches a minimum
above the discontinuity when h = J ′, where according
to Eq. (2) the Hamiltonian is the one of an isolated tri-
angle strip. At the same field the net magnetization of
the strip is zero in order to minimize its exchange energy,
and the exchange energy contribution of spins 1 and 11
is also zero. The magnetization response above the dis-
continuity remains the one of an isolated triangle strip as
when J ′ = 0, with the effective field according to Eq. (2)
reduced by J ′. Thus the saturation field is weaker from
the one of the isolated triangle strip by J ′.
Fig. 3(c) shows that the strength of the discontinuity
decreases up to J ′ = 0.44722 where it becomes zero and
the magnetization response changes qualitatively. At this
value of J ′ the derivative of hdisc with respect to J ′ is dis-
continuous, and the magnetization discontinuity changes
to one of the susceptibility exactly at hdisc = J
′. Below
the discontinuity it is ~s2 + ~s3 + ~s4 + ~s5 + ~s8 = 0 and
~s6 + ~s7 + ~s9 + ~s10 + ~s12 = 0, and according to Eq. (2)
the magnetization response is determined solely by spins
1 and 11 and has constant susceptibility like the higher
field configuration. For J ′ > 0.44722 the magnetization
discontinuity appears again. For example for J ′ = 0.7
right after the discontinuity spins 1 and 11 again jump
to their saturation magnetization (Fig. 4(a)), while the
net magnetization of the triangle strip along the field di-
rection is always positive and jumps to a smaller value
only to become bigger with increasing field (Fig. 4(c)).
The exchange energy of the triangle strip still gets more
AFM below and exactly at the discontinuity but right
above it the increasing field weakens its AFM character.
For J ′ ∼ 0.8 below the discontinuity the polar angles of
spins 1 and 11 start to differ, and one of the two increases
with the field and can even be larger than pi2 and have a
negative component along the field. At J ′ = 0.96382 a
new discontinuity appears for lower fields, whose corre-
sponding field hdisc and magnetization change are shown
in Figs 3(b) and 3(d). Its magnitude is weaker in compar-
ison with the other discontinuity, and in contrast with it
the total spin of spins 1 and 11 decreases, for example for
J ′ = 0.98 (Fig. 4(a)), while the net magnetization of the
triangle strip increases (Fig. 4(d)). Similarly to the other
discontinuity the exchange energy of the triangular strip
becomes more AFM, even though its net spin increases.
However for fields smaller and bigger the exchange en-
ergy of the strip becomes less AFM. This discontinuity
disappears exactly at the spatially isotropic limit J ′ = 1.
IV. CORRESPONDENCE BETWEEN
QUANTUM AND CLASSICAL LOW ENERGY
SPECTRUM
A. Ground State Correlations
Going back to the spatially isotropic case, the ground
state of Hamiltonian (1) has been calculated for s rang-
ing from 12 to
7
2 and the distinct correlations are shown
in Fig. 5 as function of 1/s. The ground state energy,
given by the nearest neighbor correlation function ~s1 ·~s2,
becomes more AFM going towards the classical limit as
quantum fluctuations decrease. The relative ratio of its
values for s = 12 and ∞ is 0.615, while for the dodec-
ahedron the quantum fluctuations have a more drastic
effect as the corresponding ratio is 0.435. The next near-
est neighbor correlation ~s1 · ~s6 acquires on the contrary
a more ferromagnetic character, while the most distant
correlation ~s1 · ~s11 becomes even more AFM than the
nearest neighbor with these two spins antiparallel in the
classical limit.
A fourth-order polynomial fit of the correlation func-
tions in 1
s
reproduces their values with accuracy at least
3× 10−4. The formulas for the fits are:
(~s1 · ~s2)fit = −0.4472 + 0.269991
s
− 0.21022(1
s
)2
+0.097061(
1
s
)3 − 0.018964(1
s
)4
(~s1 · ~s6)fit = 0.4472− 0.498441
s
+ 0.42566(
1
s
)2
−0.2508(1
s
)3 + 0.060347(
1
s
)4
(~s1 · ~s11)fit = −1 + 1.14231
s
− 1.0772(1
s
)2
+0.76869(
1
s
)3 − 0.20692(1
s
)4 (3)
This shows again that the magnitude of corrections in
1
s
decreases fast, therefore starting from the classical
ground state a few orders in perturbation theory in 1
s
should give the wavefunction accurately for arbitrary s
[25].
B. Symmetric Lowest Energy Configurations for
Classical Spins
In the absence of a field the classical lowest energy
configuration of Hamiltonian (1) is a stellated geomet-
rical structure called great icosahedron [22], which has
Ih symmetry in spin space. The SO(3) spin rotational
symmetry of Hamiltonian (1) for h = 0 is thus reduced to
the Ih point symmetry group. If each spin of the icosahe-
dron lies along one of the 12 directions of the lowest en-
ergy configuration, due to its frustrated nature there are
many different ways these directions can be distributed
among the spins to minimize the energy. These different
5ways are called colorings, and have been used to deter-
mine the minimum energy of the icosidodecahedron [26]
and to analyze the lowest energy spectrum structure of
the cuboctahedron and the icosidodecahedron for higher
s [12]. For the zero field configuration there are 120 differ-
ent colorings which all belong to the same class, meaning
that any two of the colorings can be transformed to one
another by application of an operation of Ih. Their de-
composition in irreducible representations of the spatial
Ih group is [27]
Ag ⊕ 3T1g ⊕ 3T2g ⊕ 4Fg ⊕ 5Hg ⊕
Au ⊕ 3T1u ⊕ 3T2u ⊕ 4Fu ⊕ 5Hu (4)
(the irreducible representation degeneracies are as de-
scribed in Fig. 6). Considering the full symmetry group
of the Hamiltonian, the decomposition of the 120 color-
ings simultaneously to the spatial Ih group and the icosa-
hedral I group in spin space is further calculated, where I
is generated from the full Ih spin space symmetry group
where the lowest configuration belongs to by excluding
inversion symmetry. The characters of rotations by φ
in SO(3) are χS(φ) =
sin[(S+ 1
2
)φ]
sin
φ
2
for an irreducible rep-
resentation of total spin S. A non-zero contribution to
the characters of the total symmetry group comes from
combinations of real and spin space operations [12]. The
decomposition of the 120 colorings for S ≤ 6 is given in
Table I. It respects spatial inversion symmetry with the
symmetric configurations coming in pairs including both
parities.
In the high field configuration two spins are aligned
with the field and each of the rest points along its own
direction in spin space (Sec. II). The number of differ-
ent colorings that reproduce the lowest energy is again
120, and they all belong to the same class. Their decom-
position in irreducible representations of the spatial Ih
symmetry group is also given by Eq. (4). Spin space
symmetry can again be taken into account to further
characterize the symmetrized configurations. A non-zero
magnetic field breaks the SO(3) symmetry in Hamilto-
nian (1) and the symmetry operations in spin space are
rotations around the field axis and vertical mirror planes
that include the field axis [12]. The rotations are clock-
wise and counterclockwise by pi5 ,
2pi
5 ,
3pi
5 ,
4pi
5 and π, and
the reflections are on five vertical mirror planes that in-
clude spins diametrically opposite in the azimuthal plane,
and on five more containing the lines that bisect the dif-
ference of the azimuthal angles of two consecutive spins.
The characters of the operations in spin space are given
by the characters of the C∞υ symmetry group. The de-
composition of the 120 colorings for different Sz is given
in Table II. The periodicity with respect to Sz is equal
to 10, reflecting the symmetry structure of the spins not
aligned with the field axis. The parity with respect to
spatial inversion is broken and alternates with Sz, in con-
trast to what happens for fields below the discontinuity.
The irreducible representations of the first five Sz sectors
of Table II are exactly repeated in the next five but with
opposite parity.
C. Symmetric Low Energy Spectrum for s = 5
2
To investigate if there is a trace of the lowest energy
classical configurations for low s, the case s = 52 is con-
sidered first. The low energy spectrum is shown in Fig.
6, with each state characterized by the irreducible repre-
sentation of the Ih group it belongs to. It is seen that for
S below the discontinuity the low lying set of states is
clearly separated from higher ones. This set is shown in
greater detail in Fig. 7(a). Comparing with the symme-
try of the classical configurations in Table I the s = 52 low
lying states are identical in symmetry, which is a strong
indication that they stem from the symmetric lowest en-
ergy classical configurations of Sec. IVB. Such states
which are well separated from higher excited states are
associated with the Anderson tower of states or rota-
tional band, which is the equivalent in a finite system of
the breaking of SU(2) symmetry in the thermodynamic
limit. Unlike the cuboctahedron [12], the lowest classical
configuration of the icosahedron is associated with only
a single tower of states as all the colorings are connected
with spatial symmetry operations. For S above the dis-
continuity there are also states clearly separated from the
higher ones in Fig. 6. The lowest lying set of states is
shown in Fig. 7(b). Comparison with Table II shows
that this set must also originate in the symmetrized low-
est energy classical configurations for S above the discon-
tinuity. The above comparisons show that consideration
of the two different classical ground states explains the
structure of the low energy spectrum for the whole S
range.
Looking at Fig. 6 it is also seen that for higher S
there are excited states much closer in energy to the
lowest lying set in comparison with what happens for
small S. A finer plot of the low energy spectrum for
higher S is shown in Fig. 8. There the lowest set of
states that originate in the symmetrized classical config-
urations is grouped together, along with sets of states
where comparison shows that their symmetry structure
is precisely identical to the lowest lying set. This points
to the fact that they originate in excited classical config-
urations close to the one with minimum energy that have
the same symmetry with it, but their spin is higher which
explains why they start out at an S different from the one
corresponding to the quantum ferromagnetic configura-
tion.
D. Symmetric Low Energy Spectrum for s < 5
2
Now that the correspondence between the symmetric
lowest energy classical configurations and the s = 52 low
energy spectrum is established, the next step is to exam-
ine for how low s it survives. Fig. 9 shows the low energy
spectrum for s ranging from 12 up to 2. The energy spec-
6trum down to s = 1 has the same low energy structure
with the one of s = 52 , with the lowest lying states clearly
separated from higher excited states in the same fashion.
This is shown in greater detail in Fig. 10 for s = 1 and 32 .
The lowest lying levels for S ≤ 6 belong to exactly the
same irreducible representations as the ones for s = 52
shown in Fig. 7(a). The only exception is the S = 5
level pointed by the arrow for s = 1 which has less en-
ergy than two of the levels listed in Table I. For higher
spins the comparison can be made for s = 32 for S = 8
up to 13, where the lowest lying levels belong to exactly
the representations in Table II. For s = 1 the comparison
can only be made and is successful for S = 7 as there are
not enough levels, but even the levels included for higher
S have the same symmetry in comparison with the low
energy levels of higher s. For higher S comparison of only
the lowest lying level for each S between s = 1, 32 and
5
2
also shows agreement. In contrast, for low S the states
come in pairs which differ in spatial inversion symmetry
and their order in energy in general changes with s. The
energy difference between such states decreases with s so
that they become degenerate in the classical limit accord-
ing to Table I. This is exemplified by the absolute energy
difference |∆(Ag , Au)| between the lowest lying Ag and
Au states that are the ground states for different s and
is shown in the inset of Fig. 5. This energy difference
is also the gap to the first excited state for s > 12 , and
quickly decreases with s.
V. MAGNETIZATION IN A FIELD
Since the magnetic response of Hamiltonian (1) is dis-
continuous at the classical level, the discontinuity must
show up for at least higher values of s in the quantum
case, and it was shown that the minimum required s
equals 4 [1]. The magnetization response for a given S
is given by the lowest lying state. For S below the dis-
continuity the periodicity of the symmetry of the lowest
energy state as function of S is six. It belongs to the
irreducible representations A, T2, H , T1, H and T2 suc-
cessively (Table I), where the inversion symmetry index
has been omitted as the lowest state could have any of
the two with states differing in inversion symmetry very
close in energy for finite s and degenerate at the clas-
sical limit as discussed in Sec. IV. The periodicity of
six reflects the symmetry of the classical lowest energy
state on the plane perpendicular to the field, where there
are six equidistant azimuthal angles (Sec. II). Above the
magnetization discontinuity the corresponding periodic-
ity is ten similarly to the whole low energy spectrum as
function of S (Sec. IVB), with the lowest energy state
highlighted in red in Table II.
The magnetization for different s is shown in Fig. 11.
The calculation is extended to s = 92 , 10 and 11 for S
around the discontinuity with respect to Ref. [1]. When
s = 92 the discontinuity disappears, and in its place there
is a spin sector that is the ground state only for a very
narrow range of fields. The discontinuity reappears for
s = 5 and 112 , indicating that its disappearance for s =
9
2
is only a transient effect.
VI. CONCLUSIONS
The AHM on the icosahedron was investigated in light
of its unexpected properties [1, 2]. First the role of its
particular connectivity in the discontinuous magnetiza-
tion was established with the discontinuity traced back
to the magnetic response of two isolated spins brought to
interact with the remaining ten spins of the cluster. Then
the importance of the symmetrized lowest energy classi-
cal configurations, which also relate to the connecivity
of the cluster, was revealed by exhibiting that the lowest
quantum states can be traced back to them down to rel-
atively low s and are well separated from higher excited
states, showing that the classical description is a good
approximation for the AHM on the icosahedron. This
was further corroborated by the ground state correlation
functions, which can be well approximated by a small
order expansion in 1
s
. The triangular lattice and its de-
pleted versions that have towers of states in their low
energy spectrum show that the polygon unit that makes
up a cluster is important for its magnetic properties.
The results of this paper establish that magnetization
discontinuities can be caused not only by a few different
polygons compared with the basic unit that makes up a
cluster [9, 10] or defects in the structure in the form of
a vacancy [18], but also from extra spins connected to a
structure that has a smooth magnetization curve as in the
icosahedron. The methods in this paper can be used to
analyze magnetic properties of different small entities as
function of their connectivity and establish more concrete
connections between the two.
The author is very thankful to I. Rousochatzakis for
discussions.
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TABLE I: Decomposition of the 120 colorings of the low-
est classical configuration in zero field taking into account
the spatial symmetry group Ih and the spin symmetry sub-
group I . The irreducible representation degeneracies are as
described in Fig. 6. There are 2(2S+1) symmetric configura-
tions for each S with each one 2S+1 times degenerate, there-
fore the total number of states for a specific S is 2(2S + 1)2.
The parity with respect to spatial inversion is not broken.
S Irreducible Representations
0 Ag ⊕ Au
1 T2g ⊕ T2u
2 Hg ⊕Hu
3 T1g ⊕ Fg ⊕ T1u ⊕ Fu
4 Fg ⊕Hg ⊕ Fu ⊕Hu
5 T1g ⊕ T2g ⊕Hg ⊕ T1u ⊕ T2u ⊕Hu
6 Ag ⊕ T2g ⊕ Fg ⊕Hg ⊕ Au ⊕ T2u ⊕ Fu ⊕Hu
8TABLE II: Decomposition of the 120 colorings of the lowest
classical configuration for Sz above the discontinuity taking
into account the spatial symmetry group Ih and the spin sym-
metry group C∞υ. The irreducible representation degenera-
cies are as described in Fig. 6. The periodicity with respect
to Sz is 10, with Sz0 denoting an appropriate arbitrary value
of Sz. The parity with respect to spatial inversion is broken
and alternates with Sz. The irreducible reprsentations of the
first five Sz sectors are exactly repeated in the next five but
with opposite parity. The total number of states for each Sz
is equal to 12. The symmetric configurations highlighted in
red have the lowest energy for a specific Sz and finite s.
Sz-Sz0 Irreducible
Representations
0 Ag ⊕ T1g ⊕ T2g ⊕Hg
1 T2u ⊕ Fu ⊕Hu
2 T1g ⊕ Fg ⊕Hg
3 T1u ⊕ Fu ⊕Hu
4 T2g ⊕ Fg ⊕Hg
5 Au ⊕ T1u ⊕ T2u ⊕Hu
6 T2g ⊕ Fg ⊕Hg
7 T1u ⊕ Fu ⊕Hu
8 T1g ⊕ Fg ⊕Hg
9 T2u ⊕ Fu ⊕Hu
11
1
8
5 4
2 3
6
12
9 7
10 J
J’
FIG. 1: A projection of the icosahedron on a plane. The
circles are spins of magnitude s and each interacts with its
five nearest neighbors as shown by the connecting lines. The
solid and dashed lines indicate interactions of strength J and
J ′ respectively. At the spatially isotropic limit J ′ = J .
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FIG. 2: Polar angles θi(π) as a function of the magnetic field
h over its saturation value hsat in the lowest energy config-
uration of the icosahedron. The dashed line shows the lo-
cation of the discontinuity field hdisc
hsat
= 0.40603. For the
higher field phase θ6 = θ8 = 0 and for the rest of the spins
θi = arccos
h−1
4+
√
5
. The configurations below and above the
discontinuity field are degenerate, as the polar angles can be
distributed in different ways among the spins to achieve the
lowest energy. One possible distribution (coloring) for above
and one for below the discontinuity is shown here.
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FIG. 3: (a) Magnetic field hdisc where the magnetization dis-
continuity takes place and (c) magnetization S just below and
just above the discontinuity as functions of J ′. The red long
dashed line at J ′ = 0.44722 shows where the discontinuity is
one of the susceptibility. (b) and (d) give the corresponding
values for the discontinuity that appears for larger J ′.
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FIG. 4: Projection of (a) the net magnetization of spins 1 and
11 and (b), (c), (d) the net magnetization of the triangle strip
along the magnetic field ~h axis. The black line corresponds to
J ′ = 0.3, the red to J ′ = 0.7 and the green to J ′ = 0.98. In (a)
all lines jump to the value of 2 after their last discontinuity.
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FIG. 5: Ground state distinct correlations for different s as
functions of 1
s
. The right end corresponds to the full quantum
case s = 1/2, while the left end to the classical case s →
∞. The dashed lines are guides to the eye. The location of
spins ~si can be seen in Fig. 1. The inset shows the absolute
energy difference between the lowest states in the Ag and Au
irreducible representations, which is also the gap to the first
excited state for s > 1
2
.
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FIG. 6: Low energy spectrum for s = 5
2
as function of total
spin S with respect to the lowest energy of each S sector
E0(S). Each level belongs to an irreducible representation
according to the key (the number in the parenthesis is the
spatial degeneracy): ◦: Ag (1), : T1g (3), ⋄: T2g (3), △: Fg
(4), ⊳: Hg (5), ▽: Au (1), ⊲: T1u (3), +: T2u (3), ×: Fu
(4), ∗: Hu (5). The spatial degeneracy has to be multiplied
with the 2S + 1 degeneracy of each S multiplet to give the
total number of states corresponding to each symbol. Only a
certain number of levels has been calculated for each S, which
explains the lack of more excited states for intermediate S.
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FIG. 7: Low energy spectrum close to the ground state for
s = 5
2
for (a) low total spin S (compare with Table I) and (b)
high S (compare with Table II). The symbols are the one of
Fig. 6.
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FIG. 8: Low energy spectrum for s = 5
2
for high total spin
S broken in two parts (a) and (b). The black symbols in-
dicate the lowest energy manifold shown in Fig. 7(b) that
originates in the symmetrized lowest energy classical configi-
rations (compare with Table II). The groups of states with
different colors have the same symmetry structure with the
lowest energy manifold, therefore they correspond to classical
states that share the symmetry of the lowest classical config-
uration but start at different values of S. The symbols are
the one of Fig. 6.
0 1 2 3 4 5 6
0
2
4
6
8
10
12
14
[E
-E
0(S
)] 
/ [
s(s
+1
)]
0 2 4 6 8 10 12
0
0.5
1
1.5
2
2.5
3
0 3 6 9 12 15 18
S
0
0.25
0.5
0.75
1
1.25
1.5
[E
-E
0(S
)] 
/ [
s(s
+1
)]
0 3 6 9 12 15 18 21 24
S
0
0.2
0.4
0.6
0.8
1
(a) (b)
(d)(c)
FIG. 9: Low energy spectrum as function of total spin S for
(a) s = 1
2
, (b) s = 1, (c) s = 3
2
and (d) s = 2 with respect to
the lowest energy of each S sector E0(S). The symbols are
the ones of Fig. 6. For s = 3
2
and 2 only a certain number of
levels has been calculated for each S, which explains the lack
of more excited states for intermediate S.
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FIG. 10: Low energy spectrum close to the ground state for
(a) s = 1 and (b) s = 3
2
. For low total spin S the results
have to be compared with Table I, while for high S with
Table II. The red arrow points to the level that breaks the
level ordering predicted by the symmetrized classical lowest
energy manifold by having lowest energy than the two right
above it. The symbols are the ones of Fig. 6.
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FIG. 11: Magnetization for different quantum numbers s as
function of the magnetic field h over its saturation value hsat.
s varies from bottom to top from 1
2
(black line) to 11
2
(maroon
line) according to the legend. The dashed line shows the
location of the classical discontinuity. The inset shows in
detail the discontinuities for higher s where ∆S = 2 (red
arrows), and the lack of discontinuity for s = 9
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